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Abstract

According to the Special Theory of Relativity, a clock in one
inertial coordinate system may have a different rate (be slower or
faster) than clocks in another system. This phenomenon is known
as time dilation.

In the century since Einstein first developed the Special
Theory, there have been many efforts to simplify and clarify this
phenomenon. Unfortunately, these have resulted in a few
explanations that are misleading, some of which are wrong. In
particular, the World Book Encyclopedia has had an incorrect
statement for decades.

This paper emphasizes that comparisons of two clocks can
only be done when these clocks are in the same location. This
comparison can be done by an observer in either coordinate
system, and either observer will get identical results. Writers and
teachers are encouraged to: explain how clock rates are
compared, to differentiate between time intervals measured with
one clock vs. those measured with two clocks, and to emphasize

the clocks that are used, and not the “observer.”
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All physical theories ... ought to lend themselves to so
simple a description that even a child could understand them.
-Einstein, attributed

THE PARADOX OF TIME DILATION

Gary D. Gordon November, 2003

According to the Special Theory of Relativity, there is no absolute, universal,
time scale. If two clocks are in different inertial coordinate systems, they may not keep
the same time. In particular, one clock may appear to have a slower rate than the other
clock. This difference in clock rates is known as time dilation. This concept is widely
taught, but not well understood. Some textbooks are not wrong, but they may be
misleading, and the reader may be left with the wrong impression. Nothing is wrong
with the Lorentz Transformation Equations. It's the explanation of the equations that
may not be clear. Using some of these textbooks, a teacher often leaves a student with

a confused understanding of time dilation.

Consider two clocks, on two different inertial coordinate systems, each moving at
a high relative velocity (close to the speed of light) with respect to the other system.
Consider how time dilation is explained in the following two statements. These two
statements come from different editions of the World Book Encyclopedia®:

1. "If a man on a fast-moving train compared his clock with the many clocks in
the stations he passed, he would find that the rhythm of his clock is slower than

the rhythm of the clocks on the ground."

2. "If a man on a fast-moving train compared his clock with the many clocks in
the stations he passed, he would find that the rhythm of his clock is faster than

the rhythm of the clocks on the ground."

Clearly, these two statements cannot both be correct; | have underlined the single word
in which they differ. The method used in comparing the clocks is clearly stated. |
believe that each contributor to the encyclopedia firmly believed his sentence was

correct. And yet, one statement is wrong.

To clarify the concept of time dilation, we shall discuss in detail how the time
displayed on two clocks can be compared with each other. We will use the Lorentz
Transformation Equations to calculate the results of this comparison. Then we will
return to the above statements, and to two others, also taken from the World Book
Encyclopedia. Finally, we have some suggestions for how Time Dilation should be

taught.

' Nothing in this paper should be taken as a criticism of the World Book Encyclopedia, an excellent encyclopedia
for young students. The quotations used are simply a reflection of how the Special Theory of Relativity is taught.

Similar emphasis can be found in a number of physics textbooks.
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Fig 1. Train passing Philadelphia

Comparison of Two Clocks at one Location (Philadelphia)
Let us try to picture how clocks can be comparedz, when one clock is moving

very fast with respect to the other. We will start with a very fast train moving through a
station at Philadelphia (see Fig. 1). Near the front of the train, on the side nearest the
station platform, is a clock, facing forward. On the station platform is another clock,
facing in the same direction, that is located so that, for an instant, the two clocks are
side by side. The event we are measuring occurs when the two clock faces are in the
same plane. When this event occurs, a camera on the platform takes a photograph of
the two clocks. At the same instant, a camera mounted on the train also takes a
photograph of the two clocks.

It seems reasonable to me that the two photographs will be identical. In other
words, the comparison of the two clocks by the train conductor looking at his
photograph, will yield the same results as the comparison made by the station agent.
The photograph may show the two clocks with identical times, or may display a
difference in the two clock readings. Note that whatever information one photograph
displays, the other photograph provides the same information.

There is no reference to any previous setting of the clocks. All that is being
compared is the time displayed by one clock versus the time displayed by the other
clock. There is no reference to the rate of either clock. From this one observation it is
impossible to conclude that the rate of one clock is faster or slower than the other. The
only way to measure the rate (or rhythm) of a clock is to take a second observation.
Without another clock, we cannot take a second observation at a distance without
making corrections for the transit time of light from the clock to an observer. In most
writings on relativity, the second observation is made by having another clock, at a

different location.

? One of many ways, that two clocks can be compared.
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Fig. 2 Train passing Boston (520 km from Phila.)

Comparison of Two Clocks at a Second Location (Boston)
We can install another clock and another camera at another station (Boston), a

certain distance (520 km, or 323 mi) along the track (see Fig. 2). We assume the track
is a straight line, and the train moves at a constant speed. The second clock can be
synchronized to the first one, using radio frequency or light signals and making
allowances for the travel time of the signals. Alternatively, the second clock can be
synchronized when it's collocated with the first, in Philadelphia. Then it can be moved

slowly to a second location (Boston), at a non-relativistic speed.
When the train reaches Boston, a second observation can be made when the

train clock and the station clock are side by side. Again, the conductor on the train can
take a photograph of the two clocks with the train camera. Similarly, the Boston
stationmaster can take a photograph of the two clocks with the station camera. These

two photographs will be similar, and show identical information.
The train velocity is calculated from the time difference (At) between the two

station clocks. If the measured time difference is 2 ms (or 0.002 sec), then the velocity

is 260 km/ms. This can be compared with the speed of light, which is 300 km/ms.
From the Lorentz transformation equations (see Appendix 1), we can calculate

that the time difference (At') measured by the train clock is only 1 ms. This is only half

of the time difference as measured by the station clocks.

Observations by the Two Stationmasters
The clock on the train appears to be going slower, as measured by the two

station clocks. For this speed, it's slower by a factor of two. While the clocks at the two

stations show a difference of 2 ms, the clock on the train only advanced 1 ms.
The stationmasters "know" that the station clocks at Philadelphia and Boston

were correctly synchronized. Their conclusion is that the train clock must be going
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slower, by a factor of two. The train clock only advanced 1 ms, during the 2 ms interval
recorded on the ground.

Observation by the Train Conductor
Whenever two clocks are compared, at the same location, the comparison can

always be made by either observer. This fact is not usually stressed in discussions
about time dilation. The train conductor, with only one clock (or stop watch), can make
the same photographic observations as the stationmasters. When the train passes
Philadelphia, the conductor records photographically the time on the Philadelphia
clock, and the time on the train clock. When the train reaches Boston, another
photographic observation is made: the train's clock has advanced 1 ms, and the New
York clock reads 2 ms more than the Philadelphia clock.

Note the asymmetry that exists. The observations on the train (At' = 1 ms) are
made with a single clock (or stop watch). The station observations (At = 2 ms) are
made with two synchronized clocks.

The conductor could conclude that the train clock is going slower, at half the rate
of the station clocks. This is equivalent to saying the station clocks are going twice as
fast. Instead of this conclusion, the conductor could conclude that the station clocks
have not been synchronized properly. Either conclusion explains the observations.

The usual interpretation of relativistic effects includes the assumption that each
observer's meter sticks and clocks are accurate, and that distances and clocks on the

other coordinate system must be interpreted based on them.

Discussion of Statements
If observations are taken as described above, the conclusion is: the train clock is

slower compared to the two station clocks. These observations and conclusion can be
made by the train conductor or by the two stationmasters. Applying this conclusion to
the two statements, from the World Book Encyclopedia, we note that the first statement

is correct, and the second statement is not.

1. ™ "if a conductor on a fast-moving train compared his clock with the many clocks
in the stations he passed, he would find that the rhythm of his clock is slower than the
rhythm of the clocks on the ground.” World Book Encyclopedia (1960) '

2. "If a conductor on a fast-moving train compared his clock with the many clocks
in the stations he passed, he would find that the rhythm of his clock is faster than the
rhythm of the clocks on the ground.” World Book Encyclopedia (1964, 1980)", (1995,

2001) ™.

In summary, the two observers agree: the conductor finds his clock runs slower, and
the stationmasters find their clocks run faster. But only because they both based their

observation on the two station clocks, at Philadelphia and at Boston.
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The first reference is correct, but runs counter to the current literature.

Nowadays the emphasis is on the observer being with the multiple clocks. The second
statement appears with a third statement, which states:

3. M ifthe clock on a fast-moving train is compared with the many clocks in the
stations it passes ... "it will appear to the stationmasters that the rhythms of their clocks
are faster than the rhythm of the conductor's clock on the train passing the station."
World Book Encyclopedia (1964, 1980)", (1995,2001)"

The author assumes the second and third statements are equivalent. Most readers will
have no trouble with this third statement, since the station observers find their clocks
run faster than the train clock. What is less understood is that the train conductor can
make the same observations, and reach the same conclusion, as stated in the first
reference, if his clock is compared to clocks at various stations. The second reference
appears to be a "correction" of the earlier reference (which was correct), and the third

statement was added for clarification.
The common misunderstanding is that the determination of which clock is faster,

depends on the observer. The truth is: it depends on whether an observer uses two
clocks at two locations (often assumed), or whether the observer compares only one

clock with two or more clocks in the other coordinate system.

No Preferred Coordinate System
As noted above, the train’s clock has advanced 1 ms, while the New York clock

reads 2 ms more than the Philadelphia. This does not mean that the “ground” is a
preferred coordinate system. As noted in the Appendix (p. A-2), if the train had two
clocks (on the engine and caboose), and each one was compared with a clock at a
single station (Philadelphia), then the results would have been reversed. Then the time
interval measured by the Philadelphia station clock would be only half the time interval

measured by the two train clocks.

Discussion of Fourth Statement
A fourth statement, in a recent edition of the World Book Encyclopedia, does

not mention a train conductor and various stationmasters. It simply states:

4. "The people in Spaceship A will observe that the clock in Spaceship B is
running more slowly than the clock in Spaceship A. But the people in Spaceship B will
observe that the clock in Spaceship A is running more slowly than the clock in
Spaceship B." World Book Encyclopedia (2002, 2003)"

Variations of this statement are widespread in the literature -- and yet, the
statement by itself has no reasonable explanation. If “observation” means looking at
the clock in the other spaceship, then it would be more realistic to write: The people in
Spaceship A will observe that the clock in Spaceship B runs faster than their clock
when Spaceship B is approaching, and runs slower when Spaceship B is receding. But
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this is the classical Doppler effect, and not a relativistic effect.® It is not pertinent to this
discussion.

It is difficult to correct the fourth statement with a simple change. For example,
we could differentiate between “clock” and “clocks.”

The people in Spaceship A will observe that a clock in Spaceship B is running
more slowly than the clocks in Spaceship A. But the people in Spaceship B will
observe that the clock in Spaceship A is running more slowly than the clocks in

Spaceship B.

This still requires the reader to imagine a large spaceship A, so that a clock in
Spaceship B can be compared successively with two or more clocks on spaceship A.
And, the spaceship B must be large, so that a clock in spaceship A can be compared
successively with two or more clocks on spaceship B. But unless the context makes it
clear, the reader who is trying to understand relativity is unlikely to get the correct

picture.

L T
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Fig. 3 Measurements with a Reflected Light Beam"

Oversimplification of Time Dilation
Time Dilation can be derived from the second postulate of the Special Theory of

Relativity, which states that the velocity of light is a constant. Assume a pulse of light is
generated in a spacecraft, goes transverse to the velocity a certain distance (D), and is
then reflected back. The total time of transit can be measured in the spacecraft (see
Fig. 3). Due to the spacecraft velocity, an observer on the ground sees a much longer
path length, and therefore measures a longer time interval. From simple geometry, this

* There is also a relativistic Doppler effect, but that’s not relevant to this discussion.
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longer time interval can be calculated, and is the same as that generated with the
Lorentz transformation.

If the figure showed an earth observer and clock at the “beginning event”, and
another observer and clock at the “ending event”, all would be well. But the figure has
been simplified by showing a single clock to measure both events. We know that all
the clocks in one coordinate system can be synchronized -- but this doesn’t mean they
are equivalent. The location of a clock is crucial in the Lorentz transformation
equations. By combining the two clocks, a symmetry is produced between the
astronaut’s clock and the earth observer’s clock. But this symmetry is misleading. It
hides the crucial difference between a two-clock time interval, and a one-clock time
interval.
If the observer on earth is watching the astronaut’s clock, the observations will P
depend on the position of the observer, and the time delay in watching something at a Aelal
distance. If the observer is exactly halfway between the two points (beginning and neeeles
ending events), then the time delay is equal, and the time interval measured would be
the same time interval measured by the two observers. These key factors are rarely
mentioned: the time delay, the constraint on the observer’s position, and the change

from two clocks to one clock.

v=0.87c= 260 km/ms
— —
/ EARTH SPACESHIP X
3 P *
& 26 light years - g

Spaceship clock = 15 yr

Earth and star clocks = 30 yr

Fig. 4 Spaceship, from Earth to Star

Travel to a Star
It may be hard to visualize a train taking 2 ms to get from Philadelphia to Boston

(520 km). That's fast! To get a different perspective, imagine a spaceship traveling to
a star (see Fig. 4). We multiply the distances and times by more than eleven orders of
magnitude, and keep the same velocity (260 km/ms). Instead of 520 km, we assume a
constant distance of 26 light years; the star doesn’t move with respect to the earth. At
this velocity, the spaceship’s trip takes 30 years, as measured by two synchronized
clocks, on the earth and at the star (See calculations on p. A-2).

Using the Lorentz transformation equations, the time measured by the
astronaut’s clock (for v = 260 km/ms) is only half as much. That is, the total time from
the earth to the star is 15 years. If the “stationmasters," on earth and the star, observe
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the astronaut’s clock, they will conclude that its rate is slower than their clocks. That is
in accord with the usual understanding of time dilation. But the astronaut can also
observe the clock on the spaceship, and compare it with the two clocks on the earth
and on the star. The astronaut observes that the spaceship clock advances 15 years
while the “station” clocks show a travel time of 30 years. The astronaut's conclusion is
that either the station clocks are going at a faster rate, or that they have not been
properly synchronized.

Now it's not a matter of measuring milliseconds, but of years. The relativistic
effects are now measurable with a calendar. When the spaceship reaches the star, the
astronaut’s calendar shows a passage of 15 years since leaving earth. The calendar
on the star, synchronized with the earth’s calendar, shows a passage of 30 years. The
inhabitant on the star (or a planet near the star) can compare the two calendars, as can
the astronaut. It would be ridiculous to conclude that the inhabitants there observe the
spaceship calendar 15 years slower than their calendar, and that the astronaut
observes the star’s calendar 15 years slower than the spaceship calendar.

Clearer Statement of Time Dilation
To find a thorough and detailed explanation of time dilation, | went back to 1942.

| found this in the Introduction to the Theory of Relativity, by Peter G. Berman." This
book was reviewed and approved by Albert Einstein. It explains how one clock
appears slower to clocks in the other frame of reference. To enable the reader to see
this in connection with the last reference, the notation has been changed, so one frame

of reference is A and the other is B:
"How is it that an observer connected with either frame of reference finds the

rate of the clocks in the other system slow? To measure the rate of a B-clock which is
not at rest relatively to his frame of reference, an A-observer compares it with all the
clocks in his system which the B-clock passes in the course of time. That is to say, an
A-observer compares one B-clock with a succession of A-clocks, while a B-observer
compares one A-clock with several B-clocks. The B-clock passes, in the course of
time, A-clocks which are farther and farther along the positive X-axis and therefore
increasingly fast with respect to B; consequently, the rate of the B-clock appears slow
in comparison. Conversely, an A-clock passes B-clocks farther and farther along the
negative X'-axis and therefore increasingly fast with respect to A. The rate of the A-
clock appears slow compared with B-clocks."

Peter Berman concludes with "the rate of the A-clock appears slow compared
with B-clocks." He is careful to say "B-clocks," and not a B-clock. The plural is critical.

In the language of the example we have discussed, a simpler statement is:

5. M ifaclockona fast-moving train is compared with the clocks in the stations it
passes, it will have a slower rhythm than the station clocks. These observations can be

made by the stationmasters -- or by someone on the train.

Conversely, if a fast-moving long train had two clocks (on the engine and caboose),
and a station clock was compared with them, the station clock will have a slower rhythm

than the two train clocks.
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Conclusions

‘ A widespread concept is that a clock in a different coordinate system (moving at
high velocity) is always slower than the observer’s clock. This is coupled with the
erroneous notion that there’s only one way for an observer to compare clock rates.
Statement 1 in the 1960 World Book is correct, but contrary to the above concept. So
by 1964 it was changed to Statement 2, which agrees with the above, but is wrong.
The article was rewritten by another contributor, who left that statement unchanged.
For the 2002 edition, Statements 2 and 3 were deleted, and replaced by Statement 4.
This spells out the above concept of time dilation which is misleading, and leaves the
student with a poor understanding of time dilation.

To better explain time dilation, writers and teachers are encouraged to:

1. State that time comparisons between clocks in two coordinate systems can
only be made when the clocks are close to each other, essentially in the same location.

2. Explain the need for a coordinate system and synchronization of clocks, for
any comparison of clock rates (or rhythm).

3. Differentiate between one-clock and two-clock time intervals. When a time
interval is measured with two synchronized clocks, the two clocks should be made
clear, in discussions or in figures. It should be clear when a time interval is measured
with one or two clocks.

4. Emphasize that in much of the literature, an “observer” implies using that
observer’s coordinates and synchronized clocks (plural). An “observer” can take other
measurements. But when an observer uses a single clock, and compares it with two or
more clocks in the other system, the result is contrary to popular opinion.

5. Emphasize the clocks used in making the comparison, and not the “observer’

that makes the comparison.

' World Book Encyclopedia, 1960, Ralph E. Lapps, Nuclear Science Service
" World Book Encyclopedia, 1964, 1980, Ralph E. Lapp, Nuclear Science Service
critically reviewed by Rudolph L. Méssbauer, California Tech.
i World Book Encyclopedia, 1995,2001, William B. Case, Ph.D. Prof. of Physics, Grinnell College
¥ World Book Encyclopedia, 2002, 2003, Michael Dine, Ph.D. Prof. of Physics, Univ. of Calif,
Santa Cruz

" John D. Cutnell & Kenneth W. Johnson, Physics, 5th ed. (Wiley, 2001), p. 868
" Peter G. Berman, Introduction to the Theory of Relativity, (Prentice-Hall, NY, 1942), p. 39
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APPENDIX 1. Numerical Calculations
Time Differences Measured on Train and at Two Stations

Gary D. Gordon November 2003

Two Points on a Line
P WherT the Special Theory of Relativity was first formulated, the first thing was to establish an
me.rtlal spatial coordinate system. Here we take two points, on a straight line, and call them
Phllgdelphia and Boston. We neglect the curvature of earth, the rotation of the earth, and the presence
of air. We take the distance between the two points, Ax, as equal to 520 km, so that

M

AX :=520-km
Synchronizing Clocks

A clock is located at Philadelphia, and another at Boston, separated by this constant distance
520 km. One way of synchronizing the clocks is to use light signals. Measure the total round-trip time.
Send a time signal from the first clock to the second. Set the second clock by adding one half the
round-trip time to the time signal from the first clock. This was the method envisioned by Einstein in the
early formulation of his theory. In our time, we have very accurate clocks, so another method is to
synchronize two clocks at one location, and then move one (or both) slowly to a remote location. Either

method results in the same synchronization.

Measuring Velocity

A fast-moving train travels the distance from Philadelphia to Boston. The time interval, At as
measured by the two clocks, is 2 ms. The velocity is the distance interval divided by the time interval.

At :=2-ms Vi:A—x v=260°k—m (4]
At ms

The velocity of light, c, is equal to 300 km/ms. The ratio of speeds, usually denoted by B, can
then be computed. [See explanation of Mathcad, used in these numerical calculations, p. A-3].

¢ := 30022 =y B =0.867 J1-p2=05 @)

ms C

Time Dilation
A clock on the train can be used to measure the time interval At' to travel from Philadelphia

to Boston. Since the train is traveling at relativistic velocities, this may be different from the time
intervals measured on the ground. The Lorentz transformation equations [See the use of delta

symbols, p. A-3] can be used to calculate this time interval:

Y ) ax
) R ot At =2 -ms (—)-Ax = 1.5ms At'=1+ms 4)

‘This 1-ms time interval (measured by the train clock) is smaller than the 2-ms interval measured by the
two clocks at the two stations. The prime symbol (') is used for train coordinates.
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Ratio of Time Intervals

| IFrequently the time dilation is expressed as a ratio of time intervals. For example this could be
calculated from the Lorentz transformation equation for At in terms of At' and Ax. On the train, there is
only one clock, that hasn't moved in the X' coordinate system. So therefore,

' V '
At =

. - 2
Since AX' is zero, the ratio of At and At' is ih=p
At 1
Ao 1, ®)

At «/1——32 Jl——ﬁz—

In this example, the ratio of the time intervals is 2. But the above equation can easily be misinterpreted,
for what is the ratio for the other observer. The differences should be written explicitly as

At mea i
sured with two clocks & Jny 2 Ao =00 vk @ 71‘,, o (5)

AX' :=0-km

At' measured with one clock At 1 p? 1 52

On the other hand, if the train had two clocks (on the engine and caboose), and each one was
compared to a clock at a single station, then

. (4)
At measured with one clock At_ ,1 _p 1_p*=05 A= 0-km ® Jre
At'

At' measured with two clocks

The ratio of time intervals may be 2 or 1/2. It all depends which time interval is measured with one
clock, and which time interval is measured with two clocks.

Travel to a Star
Instead of a train moving over a relatively short distance (520 km), in a short time (2 ms), we now

look at a spaceship over a much longer distance and a longer time. Assuming a travel time of 30 years
(earth coordinates), and the same velocity, the distance is 26 light-years.

©)

v=260'km At :=30-yr Ax = v-At Ax =26ltyr
ms
The velocity could be written as (260/300 Ityr/yr), but MathCad can convert from (260 km/ms). The
travel time in earth coordinates is 30 years. The duration by the spaceship clock is again obtained from

the Lorentz transformation equations

M- (2
A=— 1T A =304yr (—2)-Ax=22.5°yr At =15%yr (10)

Since the spaceship velocity is the same as the train, the time measured by the astronaut (At) is,
again, one half the time measured by the earth-coordinate system clocks.
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NOTES

Calculations Using Mathcad

This appendix has been written in Mathcad, a powerful software package that works with text,
equations, and numbers. All the calculated numbers have been calculated by the software, with
appropriate units, using the displayed equations. There is no underlying computer program. A few
special numbers are defined here, using the three-bar equal sign; these are all defined before any
calculations are made

ms=0.001-sec ¢=300.Xm ltyr=c-yr Ityr =9.467-10' *km (11)

ms

The definitions of many units are in the software. Here we define the millisecond (ms), th(-:\ velocity of
light (c), and the light year (ityr). The equations, written in Mathcad, use the colon-equal sign (=) to
mean “calculate the expression on the right, and store this value in the variable on the left.” The equal
sign (=) means "calculate the expression on the left, and display the numerical result on the right. The
bold equal sign involves no calculation; it's just an equation. The tiny rectangle at the end of an
equation (i.e. Eq. 13) disables the equation, and no calculations are done.

The numerical accuracy displayed has been minimized, to simplify the discussion.

Lorentz Transformation Equations
Frequently, the Lorentz Transformation Equations are written without the delta symbols. The

general form would be

t— (_‘L).x t=0-ms
2
t=— %/ | constant andif x=0-km then t =0+ms (12)
1- B2 constant=0-ms

The constant will become zero if the clock for t' is set to zero, when t and x are zero. In this paper, we
do not assume any clocks are initialized. We use the above equation for each of two readings, find the
difference of the two equations (the constant disappears), and the result is a similar equation with delta

symbols for the time differences (At At) and the distance (Ax) [see Eq. (4)].

v v v
ty=—— L yoonstants  tpr——l—joonstanmts  a=—2CL_ (13)
2 ’ 2

hi-g Ji-p Cp

(<]

Emphasing the time intervals, and eliminating any setting of the clocks before the train reaches
Philadelphia, makes it easier to visualize the entire procedure of comparing clock rates [pointed out to
me by Neil Munch, private communication].
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